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Abstract

In this article we introduce the concepts of approximate Jensen m-
convexity and approximate Wright m-convexity for real valued func-
tions defined on the set of nonnegative real numbers. We prove some
Bernstein-Doetsch type results for real valued sub-homogeneous func-
tions defined on the set of all positive real numbers.
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1 Introduction

We start by recalling a couple of definitions: e-m-convex and sub-homogeneous
real valued functions defined on [0, +00). Additionally, we introduce in the
approximate fashion two new definitions for real valued functions, on the one
hand, the e-Jensen m-convex function, and on the other hand, the e-Wright
m-convex function assuming that all the functions considered are defined on
[0, 4+00). As it is customary, m € [0, 1] and sometimes, either m =0 or m = 1
will be discarded.

Definition 1.1 (/{/) Lete > 0 andm € [0,1]. A function f : [0,+00) = R
is called e-m-convex if for any z,y € [0,4+00) and t € [0, 1]

fltr +m(1 =t)y) <if(z) +m(l =) f(y) +e.

Definition 1.2 (/1) A function f : [0, +00) — R is called sub-homogeneous
(or quasi-homogeneous [3]) if f(Ax) < Af(z) for all X\ > 1 and x € [0, +00).

By following ideas from [6], we introduce the concept of an approximately
Jensen m-convex function.

Definition 1.3 Let € > 0 and m € (0,1]. A function f :[0,+00) — R is
called e-Jensen m-convex if for any x,y € [0, +00)

() < ST 0

Cm Cm

1
where ¢, =1+ —.
m

The class of all e-Jensen m-convex functions on [0, +0c) will be denoted as
Jem[+00). In the same fashion, J. ,,,(+00) will denote the class of all e-Jensen
m-convex functions on (0, 4+00).

Definition 1.4 Let ¢ > 0 and m € [0,1]. A function f : [0,
called e-Wright m-convez if for any x,y € [0,400) and t € [0, 1]

fltz+m(l=t)y)+ f(m(l —t)x +ty) < [t+m(1=1)][f(x) + f(y)]+ 2. (2)

We denote the class of all e-Wright m-convex functions on [0, +00) as W ,,[+00)
and the class of all e-Wright m-convex functions on (0, +00) as W, ,,(+00).

If we take € = 0 in Definition 1.1, we obtain the usual notion of m-convexity
([4]); and if (1) and (2) hold with € = 0, then f is called Jensen m-convex
function ([5]) (denoted by .J,, instead of .J.,,) and Wright m-convex function
(denoted by W,, instead of W, ,,), respectively.

+o00) — R is
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2 Examples and Counterexamples

In order to justify the definitions of the types of functions recently introduced,
we present some results through which is possible to generate examples and
counterexamples of them.

Example 2.1 A bunch of examples (counterexamples) of sub-homogeneous
(non sub-homogeneous) functions, respectively, can be constructed as follows.
First of all, it is straightforward to prove the next proposition:

Let f : (0,400) — R be any real function. The following statements are
equivalent:

1. f is sub-homogeneous on (0, +00).
2. f(x)/x is decreasing on (0,400).

If additionally, f is differentiable on (0,+00), then we have the following equiv-
alence:

[ is sub-homogeneous on (0,+00) iff hy(x) = xf'(z) — f(x) < 0 for all
x € (0,+00).

Well, based on the last characterization we can prove the next result:

Proposition 2.2 The cubic real polynomial function f(z) = ax® + bx? +
cx + d is sub-homogeneous on (0,+00) iff the coefficients of f satisfy any of
the following conditions:

1.a<0,b<0,d>0.
2.a<0,b>0,d>0, and hy(—2) < 0.

For instance, the polynomial function —x3 + 1 is sub-homogeneous but —x> +

1
322 + 2 18 not.

Example 2.3 An example of an e-Jensen m-convex function which is not
Jensen m-convex is the following:

V33—-1 _ _ 8m(1+m)
g = 0296535 and g(m) = e
for all m € (0,mq]. It is not very difficult to verify the next statement:

Ifa>0,b0<0,d<0 and 0 < g(m) —a*b3d < —a*b=3(1 +m)(1 — m) e,
then the real polynomial function f(x) = ax® + bax® + cx +d € J. p[+00) —
Im[+00).

1
For instance, if 0 < & < =3 then f(z) = 223 — 222 — g(m.) € Jo . [+00) —

Given € > 0, set up my =

JIm.[+00), where

(>

_ 8—159e —8y/1—53¢
N 16 +477¢

me

€ (0,0.2) C (0, my].
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Remark 2.4 Another way of producing an example of an e-Jensen m-
a
conver function is by noting that if —oco < a < b < — + ¢, then any function

f:]0,400) = [a, b] is e-Jensen m-convex. "

Example 2.5 The function f : (0,400) — R given by f(z) = e " is an
example of a function which is sub-homogeneous and e-Jensen m-convex (and
e-Wright m-convez) at the same time. In fact, because f(x)/x is decreasing

n (0,400), f is sub-homogeneous. Furthermore, by the convexity of f ([7]),
we have

fltz +m(1 —t)y) <tf(x) +m(l—1)f(y) + (1 —1)[f(my) —mf(y)].

Since f is positive and decreasing, we obtain

fltz+m(1 —t)y) <tf(z) + m(l —1)f(y) + f(my) —mf(y).

Moreover, 0 < f(z) < 1 for all x € (0,+00). Thus, f(my) —mf(y) <1 and
hence

ftr+m(l —t)y) <tf(x) +m(l—1)f(y) + 1.

Therefore, f is 1-m-convex, which in turn implies that for m € (0,1] f €
Jim(F00) (as well f € Wy pm(400)).

3 Main Results

In this section, we present a list of results concerning to inequalities of Jensen
type in the discrete case and local boundless. Based on these findings some
other results of Bernstein-Doetsch type for sub-homogeneous functions are also
obtained.

Theorem 3.1 Let ¢ > 0 and m € (0,1). If f : (0,4+00) — R is in
Jem(+00), then f satisfies the following inequality

f(%;xl) S%;f(xz)_'_Z(é) g, (3)

for alln € N and x4, ...,z € (0,400).

Proof. The proof is by induction on n. If n = 1, it is clear because f €
Jem(+00). We assume now that the result is true for n. But,

1 27L+1 1 on 1 on x + .
_ . 1) = il b e 3
f (e;w ; x> = f (C%ﬂ > +x2n+z]> = f (Cn > ) :

=1 mo;—1 m
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Therefore, by using the inductive hypothesis and since f € J. ,,(4+00), we have

<"+1 Z%)S—Zf(xﬁ_%"ﬂ) — (;)28

Cm g -
1 2 f($i)+f($2n+l 1o,
o 2 { o ] + ; (_m)

moi=1

IA

27L+1

- Im Y () -

=1

Corollary 3.2 On the same conditions of Theorem 3.1 the following in-
equality holds

e om(t- g o) < g (5T )P o ([5) )  2

m

for allz,y >0, n €N, and k € {0,1,...,2"}.

Proof. It is not difficult to prove that if f € J.,,[+00), then f(m

mf(x) 4+ (m + 1)e. By using this fact, taking 1 = -+ =z}, = ( ) and
Tyl =+ = Tgn =M (%) y in (3), and taking into account that < 1,
CTL

the result is obtained. "

Proposition 3.3 Let f : (0,+00) — R be a sub-homogeneous function
in Jem(400), with m € (0,1). If f is locally bounded from above at a point
€ (0,400), then f is locally bounded from above on (0,400).

Proof. Let U C (0,400) be an open set such that p € U and f(u) < M for
all w € U, with M € R". Let ¢ € (0, +00) be arbitrary. Since
—2"p _ 4

lim ——=- & -4
n—1>r—£loo m(l — 2—n) m < (07 _'_00)7

there exists n € N such that

q—2""p
=—-=¢c (0
Yo m(l _ 2—n) < ( 7+OO)7
and we have ¢ = 27"p + m(1 —27")yp. Let V.= W + m(1 — 27")yo, where
= {27"u : uw € U}. Then V is open and ¢ € V. Now, if v € V, then
v =2""ug+m(1l — 27"y, for some ug € U. Therefore, by Corollary 3.2,

por (5] w) o (F ) 1 (5] w) + 052
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By using now the sub-homogeneity of f, we have

(m+ 2)epe

F(0) < 27 M (1= 27") (o) + 2

Thus f is locally bounded from above on (0, 4+00).

Proposition 3.4 Let f : (0,400) — R be a sub-homogeneous function
in Jem(+00), with m € (0,1). If f is locally bounded from below at a point
p € (0,+00), then f is locally bounded from below on (0, +00).

Proof. Let U C (0,+00) be an open set such that p € U and f(u) > M for
all w € U, with M € R.. Let ¢ € (0,+00) be arbitrary. Since
p—2"¢ _p

li _ = =
n—lgloo m(l — 2_") m < (07 _'_00)7

there exists n € N such that

p—27"¢q
=—-=¢c (0
Yo m(l _ 2—n) S ( 7+OO)7
and we have p = 27"¢ + m(1l — 27™)yy. Let V. = W + m(1 — 2")yo, where
W = {2"u : w € U}. Then V is open and ¢ € V. Hence, if v € V| then
v = 2"ug + m(1 — 2")y, for some ug € U, and thus ug = 27" + m(1 — 27™)yp.
Therefore, again by Corollary 3.2,

oo s (5] o () 1 (5] w) 2

n Cm — 2

By using now the sub-homogeneity of f, we obtain

(m =+ 2)cme

Y

M < f(upg) <27"f(v)+m(1 —27")f(yo) + o _9
this is,
2(m +2)eme

Cm —

fw) = 2"M +m(1 =2") f(yo) —

Thus f is locally bounded from below on (0, +00).

Proposition 3.5 Let f : (0,+00) — R be a sub-homogeneous function
in Jem(+00), with m € (0,1). If f is locally bounded from above at a point
p € (0,400), then f is locally bounded from below at this point.
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Proof. Let U C (0,+00) be an open set such that p € U and f(u) < M, for
all v € U, with M; € R™. By Proposition 3.3, f is also locally bounded from
above at the point (¢, — 1)p € (0, +00). Let V' C (0, 400) be an open set such
that (¢,, — 1)p € V and f(v) < M; for all v € V, with M, € R*. We consider
W =UnNV' where V' = {¢,,p—v : v € V}. Then W is an open set and
p € W. Now, if w € W, then w = ¢,,p — vy for some vy € V, and thus,

f(p) =

f<v0+w) <M+a

Cm o Cm,

Therefore> f('LU) > Cmf(p) - f('UO) — € > Cmf(p) - M2 — Cm€. ThU.S, f 18
locally bounded from below at the point p.

From Propositions 3.3, 3.4 and 3.5, it follows immediately the next result.

Corollary 3.6 Let f : (0,+00) — R be a sub-homogeneous function in
Jem(+00), with m € (0,1). If f is locally bounded from above at a point p €
(0, 4+00), then f is locally bounded on (0,+00).

Theorem 3.7 Let f : (0,4+00) — R be a sub-homogeneous function in
Jem(+00). If f is do-m-convez, then f is 6,-m-convex for all n > 1, where

6y = =L 4 ¢

m

Proof. The proof is by induction on n. For n = 1, let z,y > 0 be arbitrary.
1
Thus, if 0 <t < —, then 0 < ¢,,t <1 and we have

m

fltx+m(l—t)y)=f (tx+ (m::Uy—mty)

y (cmtz +m(1 —cpt)y + y)
Cm

flemtz +m(1 —cent)y) + f(y)
et £(2) +m(1 = ent)f(y) + 0 + F(y)

IN

+é

IA

+é
do
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1
If — <t<1,then 0 <¢,m(l —t) <1, and therefore,
Cm

ftx+m(1 —t)y)
o feam(l =ty +m(l —cpm(l —t)x —m(l —cm(l —t))x + cpta
- )

Cm

_ (cmm(l —t)y +m(l — cmm(lc— ) + (et +m? — cmm2t)x)
< flemm(l —t)y +m(1 — cpym(1 — t))z) + f((cmt +m? — cum?t)x)

+ €.
Cm

But, by assumption, also it follows that c,,t + m? — ¢,,m?t > 1. Hence, by
using the dp-m convexity and sub-homogeneity of f, we have

fltz +m(1 —1t)y)
Cmnm(1 — 1) f(y) +m(1 — cym(1 —t)) f(x) + 6o + (ct +m? — c,ym?t) f(2)

< +¢€
Cm

:m(l—t)f(y)jtm(i—m(l—t)+i+cﬂ—mt) f(:)s)+ﬁ+5

Cm m Cm

=tf(z) +m1 =) f(y) + 01,

Therefore, the result is true for n = 1.
We assume now that the result is true for n. The proof for n + 1 is similar
to the proof for n = 1, with 9,, replaced by dy.

Corollary 3.8 Let f : (0,400) — R be a sub-homogeneous function in
Jem(+00). If f is 6-m-convex, then it is c,,e-m-convet.

Proof. By Theorem 3.7, for all n € N we have

fltr +m(1 =t)y) <tf(z) +m(l = 1)f(y) + on.

CmE

By passing to the limit as n — oo, and since 9,, — 1 < ¢pe, the conclu-

Crm —
sion follows.

Proposition 3.9 Let f : (0,4+00) — R be a sub-homogeneous function
in Jem(400), with m € (0,1). If f is locally bounded from above at a point
p € (0,400), then f is ce-m-conver.

Proof. By Corollary 3.6, f is locally bounded on (0, +00). Let x,y € (0, +00)
be given. Without loss of generality we can assume that z < my, and we
consider the interval [z, my]. Then there exist M € R™ such that |f(z)| < M
for all z € [x, my]. From this fact follows the inequalities f(tz + m(1 —t)y) <
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M, —tf(x) <tM and —(1 —t)f(my) < (1 —t)M for all t € [0, 1], which in
turn implies

fz+m(1=t)y) < tf(x)+(1—=1)f(my)+2M < tf (z)+m(1=t)f(y)+(m+1)e+2M.

Therefore, f |jzmy is ((m + 1)e + 2M)-m-convex. Hence, by Corollary 3.8
(with 6 = (m+1)e+2M), f is ¢e-m-convex. Because x,y are arbitrary, this
finishes the proof.

It is clear that if f : [0,+00) — R is a function e-m-convex, then f €
W m[+00). Moreover, the following result holds.

Proposition 3.10 Let f : (0,+00) — R be a function given and m € (0, 1].
If f € W, n(+00), then f € Jem(+00).

1
Proof. By takingt = — = AL (2), we have for all z,y € (0, +00)
Cm m+1

FE+ D)o (Z4 L) < 2y s+

Hence,

Theorem 3.11 Let f : (0,+00) — R be a sub-homogeneous function in
We m(400) and m € (0,1). If f is locally bounded from below at a point p €
(0, +00), then for x,y > 0 fixed but arbitrary, the function g : [0,1] — R,

defined by g(t) = f(tx + m(1 —t)y), is bounded and %-midconvew.

Proof. Since f € W,,,(+00), by Proposition 3.10, f € J.,,(4+00). This
fact and Proposition 3.4 in turn imply that f is locally bounded from be-
low on (0, +00). Hence, f is bounded from below on the closed interval I =
[min{z, m*y}, max{Z, my}] (say by M € R~). Moreover, g is locally bounded
from below on [0, 1]. Thus, also by the compactness of [0, 1], ¢ is bounded from
below on [0, 1]. Well then, by the sub-homogeneity (note that m < ¢+ m(1 —
tr +m?(1 —t)y el

t) < 1), the e-Wright m-convexity of f, and the fact that F+m(l—1)
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for all t € [0, 1], we have

=

:f( (1—t)x—|—tmy) F tr +m(1 —t)( ) f(tx+m2(1—t)y

t+m(l—t) t+m1—t t+m(l—t)

o fla+m(l = t)(my)) + f(m( —t)z +t(my))

= t+m(l—t)

Sf($)+f(my)+HmQﬁ—M

< Fla) + flmy) + 2~ M
Thus,

1-— 2
g (%) 9(1) +g(0) + Eg — M.
Since the function ¢ — _ml =t is a bijection of [0, 1] on itself, we obtain
t+m(l—t)

that ¢ is bounded from above on [0, 1].
Let us see now that ¢ is C%-midconvex. In fact, for all ¢1,t, € [0, 1], we

1+t t1 + 1o i1+ 1o
= 1—
()= (e (-25))

=g (o [ttt = ]

have

Cm
< C—mf (tlx +m(l —t)y + tox + m(1l — t2)y)
< 7m {f(tlx +m(l—t)y )m+ ftaz +m(1 —t2)y) n 5]
Cm,
o) tolt) | ene

2 2
The following two results were proved by Ng and Nikodem in [6] (see also

2])-

Theorem. Let X be a real vector space, and D an open and convex subset of
X. If f: D — R is f-midconvex and locally bounded from above at a point of
D, then f is 2[3-convex.

)
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Lemma. Let I C R be an interval. If f : I — R is f-midconvex on I and
23-convex in the interior of I, then f is 23-convexr on I.

From this couple of previous results, by taking D = (0,1), I =10,1], f =
CméE
R
3.11.

and ¢ instead of f, we have obtained an immediate corollary of Theorem

Corollary 3.12 The function g given in the Theorem 3.11 is c¢e-convex
on [0, 1].

From Theorem 3.11 and Corollary 3.12, we have the next result.

Proposition 3.13 Let f : (0,+00) — R be a sub-homogeneous function
in Wem(+00) and m € (0,1]. If f is locally bounded from below at a point
€ (0,400), then f is ce-m-convexr.

Proof. Let z,y > 0 and we define as before the function ¢ : [0, 1] — R given
by g(t) = f(tz + m(1 — t)y). By Corollary 3.12, g is ¢,e-convex on [0, 1].
Therefore,

ftz+m(1l —t)y) = g(t) =gt -1+ (1—1)-0)
<tg(1) + (1 =1)g(0) + cme
= tf(x) + (1 =) f(my) + cme
<tf(x)+md—1t)f(y)+ (m+1)e+ cpe
=tf(z)+m(1—t)f(y) + (m+ 1)cne.

Hence, f is (m + 1)¢e-m-convex. Thus, by Corollary 3.8 (with § = (m +
1)eme), fis epme-m-convex.
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