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Probability Distributions of Phases 1
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Department of Theoretical Chemistry, University of Valencia, Valencia, Spain

ABSTRACT

This article presents the mathematical foundation for calculating PD's (Probability Distributions) for some set of
phases {ph} needed for the structure determination of a crystal. We can obtain PD's of the phases that can contain N
or without N. A former paper could only obtain PD's of the phases containing N. Here we have the two possibilities.
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INTRODUCTION

In a short review was given of the old probabilistic DM (Direct
Methods) way for calculating phase distributions [1].

There were two mathematical approaches see (A) and (B) below

(A): The basic R.V.’s (Random Variables) are the set of the

X, (1<i=N)that are distributed independently and uniformly

over the asymmetric unit (we consider in this paper only P1) and
1

Xl,. .XN): me:,,h X,

NS

And one calculates the probabilities of the phases ¢4 ({X.})#

one studies the normalized structure factors %

(B): The basic R.V.’s are the reciprocal vectors h that are distributed
uniformly and independently over reciprocal space and one keeps
the X, constant. This method can give algebraic equations as follows:
One can study the structure factors £,, £,..and we consider only
h as the basic reciprocal vector and one keeps k fixed. The B,,0
formula is an equation obtained this way. Although this equation
gives the value of cos(¢,+@.—¢,..) in theory, in practice this
equation is wrong for high N, which is due to accidental overlap
of the xi which invalidates the calculation of the joint probabilities
of E,andE,,.. Even when one calculates the joint probabilities
P(E,.E.E,.,) where h and k are the basic R.V.’s one must assume
no accidental overlap of the xi (which becomes a problem for high
N.). The calculation of joint probabilities gives then the same
results as in (A) above.

(C): Using method (A) one can derive the probability of the cosine
invariantcos@, @ =@, + @, — @, :

Prob(p) o exp(th,Rk,RM cos¢/m)+0(1/N)
It follows that this formula
Loses predictive power for high N.

Cannot predict negative cosines.

The probabilities of quartets, quintets, etc. are even worse since
they are of order of 1/N (for quartets), of order 1/ NJN (for
quintets), etc. (Although one can get a quartet formula that
theoretically predicts negative cosines for the quartet (but again
with too low predictive power)). At the end of the twentieth
century nobody was busy anymore with calculating prob-abilistic
phase distributions using one of the methods (A) or (B). For the
calculations of structures with high N (N being here the number of
independent non-H atoms in the asymmetric unit), one began to
devise methods in direct space to solve crystal structures. One uses
an automatic cyclical process: (a): Phase refinement (for instance
with the use of the (modified) tangent formula) in reciprocal
space and; (b): With the imposition in real space of physically
meaningful constraints through an atomic interpretation of the
electron density, with minimization of a well-chosen FOM (Figure
Of Merit) of the phases. One of these methods in DM is known as
the SnB (Shake and Bake) algorithm with N 1200 [2,3]; Another is
the twin variables approach with N ~1100; Sir2000 the successor
of SIR97 and SIR99 although different from SnB: (e.g. triplet
invariants via the P10 formula with » ~2000. Another interesting
result is the solution of a crystal when a substructure is known
where N may become higher [4-9]. For an overview of DM before
the year 2000 we refer to Giacovazzo [10].

(D): In order to circumvent these problems one approach might
be to consider R.V.’s (%) that are no longer independent neither
uniformly distributed, say a dependence through a positive
distribution p(X, X,).

One can givesuch distributions by using the functions &, (X,5-- X ).
Butthen one encounters insurmountable mathematical difficulties.
The solution is to not consider the X, as R.V.s anymore but to
replace 2(X, X)by a field 2(¥)and to sample the field over the
allowable function space. What we shall discuss here is a novel way

for doing DM (Direct Methods).
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(E): Differences with our approach
e We shall be able to solve any structure (any N) ab initio.
¢ Much lower CPU time.

e et el:(1’0’0),62=(0’1’0),€z:(0,0,1,)and h=(h,h,hs)  then
with our approach we can easily calculate the probability
distribution of ¢@h-h,, —h,, —h,, for any h. No need to
compute all possible triplets.

e Easy to incorporate any given substructure.

e Easy to calculate the PD’s (Probability Distributions) of phases:
One only needs to take derivatives.

In this paper we shall give the mathematical basis that is necessary
for this completely new DM approach. This approach is not
mathematically as simple as in (A) and (B) but it is perfectly doable.
It consists in using the atomic distribution function (x) as the basic
random variable. The method will also be based on a functional
integration over the random variable and using a nonstandard
fuzzy approach wherein Dirac delta functions (among which a
novel delta function representation for angle variables) are replaced
by nonstandard fuzzy delta functions. To show the strength of the
method, a simple formula was given in Brosius for the distribution
of the triplet phase formula of the form Pr(¢p)oc e’

Where A is a function depending (not on N!) on the structure
factors of the first neighborhood of the triplet [1].

In this paper a more profound mathematical foundation of our
DM approach is given and this will be a major improvement
compared to Brosius [1]. Recall that the sampling is done over
positive functions p:Xe[0.1] >R, (in the space group P1) and that
the R.V.’s that we study are the phases ¢#[p]which are defined by
the relation

cxp(z(ph[p

\F|Ipr X)L (1)
Where is a R.V. defined by

F;, = I e

N
Fh= Zf;CeZ;rilLXk
k=1

and from now on we shall use the notations

F, = F,|
K ={ F,[Yh(=(F)Hh)
4, = F, [ k(= F ~k)

One then needs to define a probability density Pr[p] on the sample
space £ ’s. We build up Pr[p]by fuzzy Dirac delta functions in 4
steps

Through constraints of the form F[p]=F by using fuzzy Dirac
delta’s 0, (F [p] — F) (€ a positive infinitesimal).
Next through maximization: Adding obvious terms to S[p]where

S[p]=1n Pr[p], that cannot be added by using a constraint, like
e.g. the term.

Jp(x)D(x,y)p(y)D(y,z)p(z)D(z, x) dxdydz

Eventually we add fermionic terms to S[p], like e.g.

[v" (x)p(x)D(x ¥) p(¥)p (v) dxdyetz,

By imposing the mathematical requirement on the basic R.V. P
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that the different atoms in the unit cell of the crystal repel each
other.

) for

which it is known that P({X,-})=0whenever X; equals some X,
this can be done by requiring that p(x,
in the X;,
Pl Xy X ) ==p (0 Xy, X))

The idea is that if one would consider a function p(x],...,xN

Xy ) is antisymmetric

that is

Inspired by modern QFT (Quantum Field Theory) we replace
p(xlﬁ""xN)by an antisymmetric (fermionic) field ¥(X)with the
property

y(X)y(y)=-v (v (X)
giving thus
1//(X)2 =0

The added benefit is then that the different X, will repel each other.
Now one has two basic R.-V.’s: P and ¥ and we must integrate over

pPand V.

One can also sample over the set of Gaussian (normal) distributions
by using the substitution

%“AU(X)—A;(X)HZ]... 2)

where 2(X) represents the true electronic distribution and 4f(X)is

p(X)>p(X) = ﬁ exp[—

the laplacian of f at the point x.

As in QFT, D (x, y) is called the propagator from the point y to x.
Using constraints we shall see that the first candidate for D (x,y) is
O(x—y)where Q is the origin-removed Patterson function defined

here by
Q(x)zg(\ Ff k)™ =P(X)-x5(X)  (3)

This propagator depends on N since (|7, [ —x)=0(N?).
LITERATURE REVIEW

Notations and formulas

=/(X)
.[Xfx = .[f(X)dX and J’x‘fx) = Idxdy...f(x,y,...)
J.Dp = J.depx
The error function f(x)= T_f ¢"dr[11,12]. We have then
T

_2 ( )” 2n+1 2 © on 2n+l
f (2) fzn(2n+1 Z(; 2n+1)!
ina')ce’““2 "= ” RLE [1 erf[ b ]:|foriRa >0
0 a
erf(—z) = —erf(z)

A, = F, |2 _K(:sz_’()
F,,=EFF

h+k

A without subscript stands for some infinite positive number.

P(x) — ZPFP26727riP4X

Q(x) =2, (F},2 —K)e'z”ip'x = p(X)—K&(X)
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0 (x-y)=2,(F —x) e ™ where 07'(x-y)is the inverse of the
kernel operator@(x—»).

The phase random variable @ [2]is defined by Fe™"! = [dXp(X)e*™*

where p(x)denotes the atomic distribution and the function pis
our basic R.V.

fg=ISand p'0p=1.,p(x)0 p(»).

The functional integral

[ Dpexp(—aly p% +2bp,J )

=11 Idpx exp(—ap +2bp,J )

g%[Herf(}’Jx)]exp(yZJf()(where;/ :%J
OOEXP(IX In[1+e;f(ij):|+yzj)z() o)

The bn constants. We define the constants } by the series
n

In|:1+erf(x)] = i b,

n:lnzl

xn

The bn;m constants, defined by

- 2VVZZn+l " - N
g;;(ZnJrl)!!] _MZ:;)bn,mZ

ur representation of 5(¢) for an angle @is

1
271, (A)

Acos@

S(p)= lim
We then define the fuzzy nonstandard ~ 4 function by

1
S, ((ﬂ)

" 271, (4)
For real x (not an angle) we define the nonstandard fuzzy 9, (x) by

Acosg

1 X’
5, (x)= %exp[—gj for positive infinitesimal & ,

and for complex Z = X +1Iy

27E 2&

For some set H of reciprocal vectors we define

L,(x)=1X u—”+thh cos(@, —27h-x)

heH A

and sometimes we simply write Lx = LH (x ) .

We use the explicit definition of the functional derivative by

SF[p]_,. Flp+es]-F[p]
dp(x) &0 & ’
Where

5. (y)=56(x—»)
lnZ:{(:;H[;ﬁ+§(§3f+"~J,

where Rz22>0,z#0

3 5
In (Z+a)=ln a+2 ( z j+l[ z ) +l( z ] +...
zZ+a 3\z+a S5\z+a
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. Where @ >0,Rz>—-a,z#—-a

Some vector calculus: (f, g: vector valued functions, h a scalar
function)

V(f-g)=(fV)g+(g-V)f+fx(Vxg)+gx(Vx[)
V(hf)=h(V-f)+f-Vh
Vx(fxg)=f(V-g)-g(V-f)+(g-V)S-(/V)g
A=V-V

V(Vh-Vh)=2(Vh-V)Vh+2Vhx| VxVh

=0

=2(Vh-V)Vh

Recall that in three dimensions X = (X, X,, X;)

v (000
’ Ox, 0Ox, Ox,

* & &
T e o

Preliminary knowledge

For an introduction on nonstandard theory we refer to Diener et
al. and for a more advanced text see Nelson [13,14].

Nonstandard theory: Standard numbers are the known numbers:

2,—1,\/2_,7[ ,*++, the other numbers are the nonstandard real
numbers which make up the field R. It is important to observe
that there are an infinity of infinite numbers in R that are greater
than any standard real number. Also there are an infinity of

infinitesimals & in R for which the absolute value | £ | is less than
any positive standard number in R. From the axioms it follows that

1
for every positive infinitesimal & is a positive infinite number

. . P |
and vice versa. Note that an infinite number is different from %°°

. In this paper we use A to denote an infinite positive number
and € will always denote (unless explicitly noted otherwise) a
positive infinitesimal.¢, or #(x)will denote a function that associates
a positive infinitesimal with every position x in the unit cell [0.1]
(inpl). We will use this function in our fuzzy Dirac delta.ds, () We
shall use the notation &,(")instead of %,(')when we deal with angle
variables.

Anticommuting variables: In a detailed exposition of
anticommuting numbers is given [1]. In this subsection we shall
only expose the bare minimum needed to read this paper. For more
information, we refer to Weinberg, Siegel, Kuzenko et al. and for a

more mathematical treatment to Bruhat et al. and deWitt [15-19].

One starts with a set of anticommuting numbers &, :
2
0,0,=-0,0, > 0> =0

From this follows that every even product of such anticommuting
numbers is commuting (6,6,6,0,=0,0,6,0,). Also one adds the
axiom: 26, =6,z,Yz<C, Then the algebra /\is defined as the set of
all finite sums of products.

26,6, ---6,,(z € C,M > 0,allOdifferent)

When M is even, this is a commuting number (also called even)
and when it is odd it is an anticommuting number (also called
odd). Sums of such products with even M do commute and are
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called even, and with odd M these sums are anticommuting
and are called odd. Every z e (Cis also even. It follows that

every @ €A is a sum a=f+ywith Beven and ¥ odd.
An involution @ —a  is defined such that, 0,=0, and

(aﬁ)*: ﬂ*a*,(za)* =Za*= a*?for ze(C and (a+ﬁ)* =a*+p*
a{* is odd when ¢ is odd and even when otherwise. One calls ¥

or YV an odd function of x if Vs is odd for every x. It then follows

* 0
that Yx¥Wx (or ¥ *l// ) is even. Then the derivative — with

respect to the anticommuting variable 0 is defined by

00 _00,,0.
2000 00 00" ¢ o isodd.
-

20

Z(1(0)+8(0)) =2 £ (0)+¢(0)

a—z(aﬁ)?a%‘?’[w%ﬁ)When a is odd, (when a is even)

%(fg):(’%f)g’f(—l)w)fa%g, where €(f)=0 for f even (=1 for f odd)
A function f(€)of an odd variable@ has the simple form

f(g) =a+b0 (Taylor expansion), (here a is odd when f is odd,

and even otherwise, but & has the opposite statistics of f ). This
can be generalized for a function f(4,,...,0, ) of N anti-commuting
variables: The coefficients of even products in the expansion of

the 49, have the same statistics as f , whereas the coefficients of
uneven products have the opposite statistics. Next one defines the
integration IdG as

0
dof(0)=—f(6),
[d01(0)=—;1(0)
and the multiple integration

[d6do,..d6, = [d6,[do,..[d6,,
Z

It is also convenient to define

d6,d0, =—d6,de,.

as an odd element:

Also the following formulas are important

jZf(@)d@ZZIf(@)d@ for constant Z;
jdef(9+7):jd9f(9) for an odd constant 7

Note that the set of all odd numbers has vanishing volume
Jd 0=0 4nd

[do=—[doo=-1

DISCUSSION

Determinants

The four determinants are listed below. The following Theoremes
are:

Theorem 1: Let Af be an nxXn—matrix . Then

[a oare’ exp[z 0'M,0, |=detM

i

sJ
where by definition J.dngdng =I1.,1d6d6,

Mathe Eter, Vol.14 Iss.3 No:1000226

OPEN aACCESS Freely available online

Proof develop exp(Z,,0'M,0,) in sums of products of 66,
cxp[ZQ*M,,a,.] “143 0 M,0, +..+6,6,.6,0,DetM

iJ if
Since,

ﬁ I do,de; (9[*0‘....9:9,, ) =1the theorem follows.
i=1

The continuousversion isas follows. Let ¥ (X ) be an anticommuting
variable for every X in the unit cell. Then,

IDl//(X)Dl/ (X)exp(_"d\rdyl//‘ (x)M (x,y)y/(y)) =Det M

where one has defined Dy (X)Dy" (X)=I1, dy (X)dy" (X)

Theorem 2: Suppose now that the inverse 37~ exists and let 7(X)
be an anticommuting variable for every X . Then

[ D (X)Dy" (X)exp(y " My +y"n+7"y) = (det M e ™ 7
Where

v My =], viM, v dxdy

v'n=l,vin.d,

Proof let

Z,[n'n | = [ Dy (X)Dy" (X )exp(y My +y"n+n"v)
Then transform

woy-MTn
v oy -n'M!

and substitute this in  Z[#".7].Then using the relation

[aor(0+y)=[dor (o)

j Dy (X)Dy" (X )exp(y" My +y " n+n"y)=(DetM )e ™" (5
Thus

Z,[n'sn]=(DetM)e ™™ (g

Also

[ Dy (X)Dy” (X) £ Jexp(y " My +y'm+n"y)

=f{—%,5%}20[n*,n] e (D)

The minus sign arises from the observation that ¥ 7 =-1y" in
exp(y " "My +y " n+n"y)

D, =0(x-y)

Indeed, note that

[ Dy Dy "y (X) exp(y" My +y " n+n"y)

X

= [ Dy Dy’ (_%] exp(y " My +y"n+1"y)
_ [_%jJ.D(//DW* exp(y" ' My +y " n+n"y)
Mx

o

The probability functional Pr[e]
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We shall show that we can obtain the following probability function
P({@h} he H) (H is some set of reciprocal vectors) given by

P({phtheH)=] DpPr(p] _ ()

where Pr[p] is given, up to a phase unimportant constant, by
Pr[p]ecexp| S[p]]

S[pl=-a(p=&) (p=&)+b| » pyDi,py+cp'L+
> a, (f  pxe”™ X[ pxe X —FP2)+

P=0

Zﬁ}(cos(cop[/O]—(/)P)—l)+—4;2 pp+0[p']

P=0

Ly=cL,(X)+f[.D;.& +..

L,(X)= Z(F;, +FiJcos((ph —27h-X)

heH h

& _
Dx,y - Dx,y '[z Dx,sz,zé:z .. 9)

where Z —> gz denotes chemical information or an intermediate
iteration of £ .

Dx,y=Q(x-y)

O(x-) will be the basic operator for all our Dx,y. First we need
the following theorem:

Theorem 3: Let 7[p] bea functional of £ ,such that F[4p]=47F|p]

where A is a positive infinite number and p an integer > 1. If we
impose the constraint

Flp)=F ({oh}h)
where F has the property that
| F({goh} h) |= a constant (i.e. not depending on the phases @/ ).

Then if we define the action functional S [,0] by Pr [,0] =¢'l!

(where >0 is a constant)

Then
S[p)=we(F[p]F ({ph}h) )+ 1n(w,)

(wherew, >0)..... (10)

For a sequence of such £} [p] Y [p] will become (if we drop the
constant In (WF ) ).

Sle]= X w, R(Fro]E (fontn) )
:
Proof we impose this constraint by

pr(plas. (F[p]-F ({oh}h))
aLexp (L1 F Lo F({oi} ) |
aéexp{—i@ Flp]l —291(F[p]F({¢h}h)*)+ | F({qoh}h) d}

Since |F({¢h}h) | is independent of the @h one can drop

Mathe Eter, Vol.14 Iss.3 No:1000226

OPEN aACCESS Freely available online

-1
it in the above exponent. Next change 0 = A" and choose

€= W; Aip. Since F[p] = FI:A_IU] =A"F [77], one
obtains

Pr{p] = P[] w, 4° exp{—%[wF%\F[r]] P oow A m(F[n]F({(ph}h)‘)H

ocw, A" exp{7%|:wF %lF[ﬂ“z 72WF9{(F[n]F({¢h}h)‘)i|}
4" exp o 8 FL ) (o} ) )|

since %\F[’?] P~0 (infinitesimal). Also under the change
P —>n=Ap the integral volume IpZO Dp o '[pZO Dn. So
finally (after replacingnby p )

IpZO DpP}"[p] o J.pZO DpeS[p]

S[el=wR(Fp]F ({oh}h) )+ in(w,)
= WFER(F[P]F({(/’}'}h)*) (if we drop the constant In(WF ))
Theorem 4: One can write
1 t i
S[p]= Tl +Jyﬂx,},prx,yp,, e (12)
Where
pp= J.pfdx e (13)
p'L, = J.prH (x)dx e (14)
Ly (x)= ;[%+Uthh]cos(¢h —27h-x) .. (15)

0, =Y (IF) —k)e™™" ... (16)
P
where from now on ptLH is included (') in S[p] for

convenience, with parameters

u,, v, u, = 0with g, =0.
D xy = Q(x -y )

Proof.

*  Define F[p] =p'pand F =2 FI)Z and use the Dirac
5(F[p]_F).Then

plpl=s(F[p]-F)
e (F[p]-F)
=P (F[p]-F)

zexp(—aF[p]+wFF[p]F)

L
=CXp| ———~
p( 472ppj

. 1
where we defined W such that 57w >0,
v

iohlp] _ 1 27ihex
¢ The R.V. ¢h[p]was defined by ¢ [ ]:EJ.P(X)‘? dx

Then the probability distribution of ®4[p]is generated by the
expression
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Pr(¢,)= [ DpPrp]5(ph[p]-ph),

But, (when A is infinite and positive)

5/1 ((0/1 [p]_§0h)z exp(A”h COS(¢h[p]—(0h))

1
2701, (u,A)

oC

L (uhA) exp(Auh cos(gph [p] - goh))

1 u
oc————exp| 4 px(—"cos @, —2rh-X ]j
1, (u,4) [ i F, (o, )

After the transformation p — 17 = Apwe obtain the result
1

o - _ ‘L'
(alel-0) e ew(eL)
s _2xh-
where * _F:COS((M 2rh x). For convenience, from now on, we

shall include ptL'in S[p].

e Next use F[p]:ipxe

2rxih-x

and F = F,e”" . Then
1, N
S[P]=—T},2PP+“hm(F[P]F)+pL

1 ) )
:_4.}/2plp+uhm[ij62nzh<XElequhJ_'_plL'
X

1 u,
=—4—7/2p'p+)_[/3x[?,+uhﬂ]cos(¢h_2”h'X)

h

|
=P p+p'Ly,

where Ly, (X) =[;—h+uhlﬂljcos(¢)h—2ﬂh-x)'

h

e Forevery Xe [0,1]3 we impose the constraint
F[p]=Fx

where

Flpl=[p.+, P,
and '
F.= ()

Then, according to theorem 1 above, one has

Stpl= [dxp [ poy PO+ fLul+ .

=t [drdyp, _,  P(x=y)p, +...(t, 2 0).
Next note that there is a phase unimportant peak 0(X) atx=0,
and define Q by

Q, =P()—k(x)
— z (F; _ k)e—Zm‘pvc

Then if one chooses the positive function

J7R [O, 1]3 - [0, 00 [to satisfyu, =0, S[p] reads
SIpl=..+ [dxdy u,_,p P(x=Y)p, +...

=t [dxdyp, 00=Y) 4 [ 1y O0=Y) 4o
= ...+jdxdy oy O Y),, + 1y j dxp.p, +...

=+ j dedy,_,, Ox~y),, +.

1 t
e o' p+p'L,+ J.M,Ux,yprx,ypy +..
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One can also add other terms to S[2]. For example consider the
triplet expression

Flp] =L,y,szpypz exp(27i[ h-(x—z)+k-(y—2)])

F=FFF,, exp(zgo) where @ =@, + @, — @,
Impose now the constraint F[p]:F‘ Since F[A,O]:A3F[,D]

and |F| is constant in the phases we can write according to the
basic theorem

S[p]= ...+u,th,VkJ‘wxszpypz cos(27r[h '(x—z)+k.(y—z)]—go)+...

where u,, 20and Fh,k =F,FFpi k. One can also do the same
for quartets, quintets and so on. Next impose for the triplet, the
constraint.

1 3 )
6/1’ (w[p]f‘/’) = Wexp[/’l Uh.kG[p]jh,k:I
where

Glpl=], _pp.p.

Sk =Wcospﬂ[lt-(x—z)+k~(y—z)]—¢:|
olpl=o, P+ o P]-0P]
v, 20

Then S[ Jcan finally be written (after p — 4p)

v
S[p] =..t+ J-X’y’z PPy P (”h,th,k +%]X

h.k
cos(27r|:h-(x—z)+k~(y—z)}—¢))+...
Dx,y = _AzQz|Z:x—y = _Ax—yQ from

now on we shall treat all weights u#, =0, =C the same: We

Note that Important,

shall not distinguish between the different measurements| F, |
The same will be true for 4. =b,Vx . The same is true for the

Upg *Unk = Upk =W But we shall not consider triplet terms of

order 0|:p3] in this paper. So now we have arrived at

[ :
S[p] el p+b!prH.py to'ly ()
_ 2
Dx,y_Qx—y_(FO _k)
This propagator Dx,y does not depend anymore on

Ef —k(= O(Nz)) Vi, fi= f). In the sequel we shall simply say:
“does not depend anymore on N”. It is better than Q,_ . Indeed to
see this we can write P[,D]] as

Plp]e LG Dpexp [bLy p.D, ,p,.. ]

<[l ["dp, exp(bp.D, o, +) .. (18)

This last expression becomes very low whenever xy is not an
interatomic vector since then O, , =0and thus

D,, =~(F; —k)and thus

P(p)xexp(-f*N’p,p,)
~0
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Thatis P[p]=0 demoting such a 0 . We recall that we have also

1 t t
Slel==4 = pb[ pD. o +ep'Ly (19

=-4zQ,, ., =-4A_Q

[z=x-y —

o0 o &
Recall that A =2t =t ==for ¥=(X0%0 %) 1 ond
€ca a axl axz 6x3 or n order
to see what this new propagator can offer let us look at 0.
Q. is an N-sum of gaussian functions. Let us consider one of

2
lx=rI" | For sake of convenience

1 1
them, say/= ﬂeXP(*ﬁ
we take now p = Oand we consider the one dimensional case
X =x. Then =5 .. Andh --*f“*[l-pj/@ Thus at x=0

. . 1
we see that hx is — times larger than fx since p / f =—

O is very small. The function hx then

which is very large since
drops very fast to zero at X = O after which it remains negative,
attains a negative minimum and then goes fast to 0 for X —> 00,

Also there is exactly one large negative minimum in the range
[—oo <x< —G] and one in the range [O‘ <x< OO] . Exactly
as discussed ian,y = Qx,y - (Foz—k) , P[p] ~0for a P for
which Px # 0 at one of these minima. For

= ZAP exp(—Zm'P . X) )

P=0
we get

-AQy =477 4, || P|] exp(-27iP- X)

P=0

.. (20)

Because of the differentiation A, this D, ) does not depend on
N .

Note, D, , =max(—Ax_yQ,O)_ This Dx.y can also be
used; Then there are no negative minima, but in order to make
it N independent, one has to follow the procedure used in

Do, =0 Do

in the Fourier expansion of D, ¢,y tO get a new propagator that is

2
y T (Fo —K) . That is we must subtract the term

N-independent:
Dx,y = DO + ZDAPe_ZMP-(x_y) - Dnew (x’ y) = sty _DO (21)

P+0

Improvements DX,ySd (X -y )
Let d be the maximum distance of all || n=r || where

i is the nearest neighbour of 7;. Then we can obviously
replace the Dx’y y Dx,ySd (x y) where Sy (”) is the
characteristic function of the sphere {uHuHS d} in the

asymmetric unit of the crystal. Thus P xDx,y'O y becomes

X,y

L’y prx,ypySd (x_y) - J'||x—y||sd prx,ypy. If we know d

we can then improve the phase densi- ties

Df ¥ = Dx,y ./z Dx,sz,zfz with L = CLHX+f/zD

When &is a given chemical information (be it a submodel or
an intermediate state of O during iteration) then we can derive

0 from D . Indeed if
we look at the term bjx v Px D, Py in [,0] it is clear that we

a new propagator, with notation D‘g
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can consider an (improved) term .[x’y prx,y,OyDy’Z,OZDz,x
and replace .[ vy p.D, P, with the latter term. For instance if

xy_Q(X Y)weseethfitj. px xypyDyzpzDz >0
when and X—Yand y—Z and 2

This is a stronger restriction on than merely the condition

_L’y prx,ypy >0 Now if &is a submodel of P then we can
also replace P by fz and obtain again a term of order O[ p2:|

are interatomic vectors;

by replacing vy 2Dy Py by the stronger condition (on?
) Ix,y,z prx,ypny,sz,zéjz inS[p]. But now also Lx
changes to L, =CLH,x+b~[z D, ... Indeed, in b'[x,y prx,ypy
we can replace Pyby §y. Then CptLH becomes sz
where now L =cLy()+b[. D& in S[p], (Remark that

Dg =D, / D,..D, <. is symmetric whenever D, - is), and we

replace b by another parameter f Hence for a given submodel f
we can now write a better [p]:

1 ,
S[p]=- poeldl +b[p D, p,+P'L ... (22)

with

L =cL,()+f[D E(f >0) e 23)

Example: We cani always place the origin of the asymmetric unit
wherever we want, i.e. we can always suppose that one atomic

vector, say a, is given. This means that at least we can always use the

chemical information.

£ = f6(x—a)...24)

Then we get
L =cL,(x) +f'|‘ Dx,a

D =D, DD, (25)

vy xaay e

Now we can show that with this we can directly calculate the density
of the phase invariant.

—2rh-a
instead of simply @, . Indeed consider the functional (where we
write D% = D%)
o a :
S[p]=—vp p+b[p.Di p,+p'L
Next we do the functional change of variables: p =1 ,
where 1], = p(x+ CZ). Then the Jacobian is the inverse of the

determinant of the matrix ap =0(x—y+a)
on the @, so DpaDn . Then S[p] changes to S[7]

which is not dependent

1
Slal== 7+t (D¢t + | 0L +a

Df,y = Dx,yJ‘sz,sz,zé:z Wlth Lx = CLH,)C + f.[z Dx Z§Z

and

L., =cl,x+a)+/D,,,

invariant

oh=ph-2rh-a

_ 1 i(ph-2xh-a-2xhx) . .
*ZHFH(Fh’an)e ! */Peua, Defining the phase
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and considering the case that interests us most
Dx’y = Dx_y ....... (26)

we can write now

1
S[nl=—
[7] o

n'n+bf n.D_ DD+ [ L
Where now

L ({phf=L,., 702(—+F )e @204 D (27)
heH

Remark: ¢h=

under a translation of the origin x — x+b, also (x,a) = (x+b,a+b)

and thus @h— ¢h under this translation which shows that ¢# is

indeed a phase invariant. For the reciprocal vectors e =(1,0,0),

e, =(0,1,0) | ¢,=(0,0,1) and h=(h;,h,,h;) we can write
2rh-a=h-¢= hl(pe1 + hz‘/’ez + h3(pe3 ..... (28)

where @=(4,,4,,a;) and ¢, =274, and a:((ﬂe‘,m,w{.}). So we can
write the phase invariant ph=gh—h-¢ ....... (29)

oh— 7rh a is indeed a phase invariant because

The case for general &£ : Let ;fp =[&(x)er™* and y =arg(¢ ) then

iy, ~27px)

and consider

|
S[p]=fﬁp p+b[p.D:,p,+p'L

with L =cL + f IZ Dx_zfz . Then we apply the same functional
change 17 = p(x+ a) and we then get for S [77]

1 , ,
S[nl=-g=n'n+ b[n.Din,+ [ n.L...on

where

&
Dx,y - Dx—yJ. D Dy+a—z§z

xX+a-z
J'z Dx+a—sz+a—z§z = .L Dx—zDY—Z z+a
i((y,~272pa)-27px)
y-z €

—cL'+fj
=cLl+f[ D, .&
Li{ph)=L.({oh)) (ph=ph-27h-a)

gdw,p=cdv,) w,=v,-22p-a)
2zh-a=h-¢ -2

Note: From now on we shall always write Eh =ph—-2rh-a
instead of (Dh and v,=V, —27rp-a instead of ¢h, resp.
l//p in L , resp. é:

A fermionic action functional and anew D, |

One knows that the different atoms in the unit cell repel each other.
So, our random variable £ should be chosen in such a way that the

different peaks of p(x) spread over the unit cell and repel each
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other. This can be treated by considering £ as an antisymmetric
(fermionic) field written now as ¥ . Then, following the treatment
of QFT (Quantum Field Theory) [15], we replace.

pD. P, >yv.D. Y,

pL >y L(x=yy, .. (33)

Remark that S [p] will be replaced by S [l//* 5 l//] which must be

even and hermitian. So

Slpl=p'Dp+p'L—> S|y . w]=y" "Dy +y " (Ly)

*

JoyDy e = [ Dy Dy e
= det(D+ LI)
I, =8(x—y)-m (35

where [ is the identity operator and we now replace D, by D‘f .
We then get (where Dsg is the inverse of the operator Df

det(D? +LI) = det D¢ det(I+ D° L)

cdet(I+D L)
=exp(TrIn(I + D{IL)) ~~~~~~~~ (36)

sincedet D° doesnotdependonthe (Dh andsince det X = "™
for a matrix X (Tr X is the trace of X, TrX = J.x XLX) .

We can write

In(I+D¢ L)=D¢ L —%(Df"L)2 +§(Df" Ly —%(Df" Ly*...
DY L=x-» j L
Tr(D* L)=[ DiL,

DL DEL

Ly yoy.XxoXx

Tr(D° L) = j
x’y

DL DS LDE L

X,y Ty T y,z oz Z,X X

Tr(D° L) = j
X,),2
Then using L =CL +f.‘. Dx yé:

Tr(D* L)=c| DI L+ f] DS, 4: ..... 6
Tr(D¥ L) = j )Df’y (cL, + fLD

=

A fermionic action functional and a new D, v

Since C f J.xyDé: J‘ D Df,; J.z Dx,zgz

depend on the {q)h}hEHwe can dismiss it in equation

13 _ 29
(38). Next continue with the case DX,yZDX_y and

Df,y = Dx,y .[Z Dx—sz—zé:z’ and we define

Df,L,Df L, +2feD5, LjD E+C . 3g)

x,y "y xy Ty}, T yzPz T

does not
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27ip-(x=y)

13p = L’y Dxfye

_ & 2ni(px+qy)
=j Dx,ye

S v BE
B; , =inverseof thematrix B> at (p,q)

Then for ¢ =Z,,‘§Ap o200 with (;p =y,-p 5 EJP —~27p-a):
B, = ZDpD

A A
W otk
She k|e
27rt(p X+q-y)

ZB )39

To get some idea let’s cons1der the simpler case D

still L —CL +f_[
Then the inverse of Q, i.e. Q’lreads

_ -1 27ip-(x-y)
=D Ap'e
P

Dh+k—p

= Qx_ y but

Then

o)

n(7+Q'L)=Q 7

-1 L) “17\?
L-3(0") +3(071) -
m(e')=[o L

=0,'[.L,=0

£)0 (e, + /[ D)

1 - _ —
= ch(F = Fh]Ah | &, | cos(¢’h i )ZAPIA’?EP ..... (40)
h »

Where we omitted a term in equation (40) that does not depend on

-[,0 (etrsln.

@, . In equation (40) we have used the identities

D=0, ~(F k)= ¥ A e
P
(‘ZP =4, (p ¢0)’;10 :0)

S Z|§

27[pz

L, =(Fi+thcos((ph —27h-x)

h

3
-1
Finally, for TI"(Q L) we get (omitting the terms that don’t
depend on @)

0 1
Tr( IL) _3fc ZA p ZhAZh |§2h |(E+F;zjcos(2¢h _V/Zh)+

1 A A - ~
3fzc[F+thZcos((0,, Y~V ) Sk S| Ay

h k,p

A IA A;+h+k

...... (41)

k
-1
The terms T}’(Q L) (k Z4)are of higher order in f and

c. So we see that we obtain in this way a probability of the form
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(remember@15¢h_h'¢7and '/7p5l//p—p'¢, and thus
OV =0 =Yy

Acos(¢,~yy )+szk cos(@, +yy —yy +k)+Cos(2¢, ~ya, )
Pr(wh I{wp}p)oc e

Equation (41) shows that for this model it is advantageous to
choose f=c and then to use ¢ for convergence considerations. For

example, Equation (42) is then valid up to O (6‘4) .

We can extend the above model and study instead the model with
action.

S[pw'w]=(pw') D (pw)+(pw") (Ly)+y " Dy +p' D, p - (43)

To calculate then the functional integral J‘ DpDy Dl//* es[p v ""]

we use the following trick.

z[J7" 0 =|[ DpDy Dy P I

If we then define

ZI:JU 7 J.D/)D'//DW* So[plt// W 77]
So[p,t//*,w,n*,ﬂ}Et//*tﬁt//+p’D'p+p’J+t//*tf7+n’t//

S, [p,J,t//*,V/,n*,n} = (pw*)t D (py)+(pv") (Ly)
Then

* S[p,w‘.u/} _ ) o *
j DpDyDy’e —exp{gsg—n*’—% z,[ .1 n) -

where the choice ¢ is clear and where we choose [) and D " ,
to be of the form D__

and invertible to make calculations easier
'

e.g. D —D oy —QH

w(Jsn ,77] =InZ[J.n"\n ] 4

The it can be shown that W [J,ﬂ*ﬂ] contains exactly all the

connected diagrams of Z[J,n".7][1,15,16]. It is beyond the scope

of this article to talk more about diagrams, but we shall discuss it
together with the solution in a future paper.

Let us define

Averaging over gaussian distributions P

So far we have been averaging over all positive 0 in Ipzo Dpes[”].
But what if we want to average only over gaussian £ functions? The
solution is the functional change of variables p —> p = 5(77 —,5)
where Pis the true atomic distribution; This substitution is
good if we don’t care about N-dependence, if we don’t want
N-dependence we should instead consider p= 5(A77_Aﬁ).
Thatis p. =5(An—Ap) - (46)

where 1] is a positive function, our new random variable.

Since P and thus also AX,E is about the true density they are

completely determined by the phases {wp}p . In this way we will get
a probability distribution of all P . Then the “volume” element

p,
Dp s replaced byD”Xdet[g ] that is

JDp - J-”Zo Dndet [ ZD]X
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This can be calculated but we can avoid this added complexity if we
remark that we could have started from the very beginning by using
instead of O the more complex form &(A7—Ap)that is we replace

PL by 5(A77 - A,B) L and so on. Replacing next the symbol n
by 7, we then get

P'L—>3(Ap—-Ap) L

pP' D p—35(Ap—Ap) D°S(Ap—AP), ... (49)

etc. In this way the former is now describing “point” particles.
However, the whole use of functional integrals in QFT is to
describe interactions among point particles. So we do not know
if it is worth doing averages over those Gaussian “point” particles.

We close this remark by giving two representations of the o

function. One is to represent 5(Ax77 - Axp)by a gaussian with
infinitesimal variance. The other very interesting representation is

2ty
5(a_b):;j0 xJ, (ax)JO [bx]dx. In our case it reads

2 _
5(A,p=8.p)=—[ KJy(kD.p)J, (KAP)dE ... (49)

We can then first integrate over P and after that perform the
integration over k, which is much easier.

Maximality with constraints

We saw in the foregoing sections that we had to maximize

S[p]=bp' D p+cp'L. Let us analyze this further. We shall

now start with

S[pl=—a(p-E&)(p—&)+bp' D p+cp' Lo (50)

27ip-x 2

We will maximize this with the constraints U Py =F, P2
for all P # Qand @ [p]= Dp (Vp#0). Next observe that
(/)p[p] =0, COS((BP['D] _(pp) = 1. We then use the

method of Langrangian multipliers. Put now

27ip-x
_[ Pxe

S[p,a,ﬂ]ES[p]—Zap( 2—F:j—z/fp(cos(wp[p]—so,,)—1)|

The minus signs in equation (51) have been chosen so as to use later
on the more general “KKT- multipliers”) and find the solutions

p*,a;,ﬂ; for which S[,O,OC,IB] is maximal (critical), that is

solve the equations

o =~
_S[p’aaﬁ]zo
op

0 =~
_S[paaaﬂ]zo
da,

o -~
—S s Uy =0
%, [, a, ]

Next

L ¢ ip-(r-y o
Stp.a fl==2a(p=8),+2bD; p+cl +2Y @, [ p,e™" +Y B,——cos(p,[p]-p,) =0
Spy ra . op,

0 =~ 2 wip(rmy
—S[p,a, fl= e _F2 =
o [p.a, B] I p.P, .
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0 =~ _ —0)-1)=
%S[p,a,ﬂ]—(cos(%[p] 9,)=1=0 (54)

Next observe that

1 1,
cos(p,[pl-¢,) =ij o, cos(27zp-x—gop)[s =P an

4

5 1
aCOS((ﬂp[p]—(pp) =7 00sQrp-x=g,)

x P
Dip=|D;
xP=EeyPy L (55)
y

Since LH in L= LH +fD§ has now become redundant, we

replace ¢L by fDég in equation (51). We can also add inequality
constraints for 0

p'DE>0
f20...(56)

and

p'Dp>0

b>0...057)

In this case the multipliers @y, B, S b are called KKT

multipliers (KKT stands for Karush- KuhnTucker). And we have a
dependence S=[p,a,pB,/.b] nowon p,2 B, f,b

S=-a(p-&)(p-&)+bp' Dip+fp'DE-Y a, (f PP Fﬁ)-Zﬂh (cos(p, [p]-p) D+ fp'DE
? - Tt

It follows from the above equation that we can impose (we suppose
in this paper that friedel’s law is valid, that is F, =F} and
Py ==P):

a_p = ap

B =B,

We use the notation A*' to denote the transpose of A , and then
t
Cp = C,p . We have to solve

‘5* S==2ap +2af+2bD*p+ fDE-2>"a,C.p = B, in,, =0
op ) R

This gives (using p* instead of ©)

10
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DpZZag_zﬂFim +/Dé & (Dzzal—sz +2ZapCp] ...... (60)

and thus

p=D" (af%—cL—ZﬁhFinh]

...... 1)

Next we develop D", using Siegel [16]
L1 1pl dplp 1

A+B A A A A 4 A4 T ..©D

A=2al —2bD*

B= gzal’cp ..... 63)

Then,

D”:i—lBi+lBiBl+m
A A A A A 4

Then we can write if we choose a to be great and b small (a >> b)

-1
A" =—(2b)" D (—%DH +1j

= (2a)" [1 +Lpiy (éjz (D) +0(a” )]+ o(a™) ... 64

a a

or if we choose a small and (b >> a)
_ -1 a -1 !
A" =~(20D%) (—Z(Df) +1j

=—(2b)"' D¢’ [I+ %Df" + (%j (D5 +0(073) |..... (65)

-1
Since we prefer to use the easier ])'f instead of (D) we shall in
this paper proceed with the development of equation (64). Then
for @ >> bwe find

0
Next P ,Bh A :Ogives
COS((Ph[p]_@J_l:O
1
— on =1
thm

zp%@;@@+m%:445m—ﬂyw%mD%—ﬁME) ..... 67)

N 0
ext
oo )

£ 1 fe{p,c,le be{Df,C h¢
a, _Z{l prz]ﬁp 4F,, é,, COS(¢F7V/9)+ 25!;2 + 2 aeeen (68)

S = 0 will give (note {A,B} = AB+ BA)

From gf’ = 0 follows |
=35 o DET Y 2, (C,&) D&-2a¢'DE~2b(D°¢) D&
h
(DE) D&
From the equations (67,68) we derive the values of &, and ,Bp as
functions of f and b. From these results and equation (69) we derive
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the value of f as a function b. We now see that (Zp,ﬂp, f are of
order O (a) . If we would derive the value for b with the condition

0
— 8 =0 then we will also see that b is of order O(a)which

gives a problem since we started with the assumption (Cl >> b) .
For this reason, we shall not impose the condition pthp >0.
The bare minimum is the calculation of all the Lagrange multipliers
&, and one or more Lagrange multipliers ﬂh . All the multipliers

depend strongly on the phase invariants # ((Dp - l//p) (l’l =1, 2)
The situation becomes even more interesting if one now calculates
S[p*,a*,ﬂ*,f*:l and this is good news. We think that this
last model is very exciting (perhaps it can even be used to construct
the exact £ from any given &). We will study all this in a separate

paper. Now S[p,a*,ﬂ*,f*] can be written in a short way as

S[p.a’ B s =S o B T+ (p=p7) STP)(p-p)

Since S [p,a*,ﬁ*,f*} =0and moreover one can verify easily that

S’ [p]x V= Zbezmp'(x_y) is a constant in 0.
CONCLUSION

To calculate a probability distribution prob ((Dh ) for some phase @y
one chooses one of the models discussed in this paper and also some
set [ 3 h of reciprocal vectors containing h. Then one calculates

Pr({%}peH)according to the chosen model. After that one calculates

the marginal distribution »rob(@,)= _[H pend P, Pf({(/’p}p). Always
choose structural information & e.g. the fixing of the origin

fx oC 5()6—61). All models should lead to the solution of the
phase problem.

In a future paper (II) we shall study in detail all different models
but especially the fermionic model and the one of maximality with
constraints. Especially we shall discuss the most general fermionic

modelS[p,l//*,l//J and we shall talk about the technique of the
diagrams to calculate W[JJ?J]*] = IHZ[JJ?»’]*] .

For the very interesting model of maximality with constraints
we shall also add the KKT condition £ =& with some KKT
multiplier ¥ > 0. Finally, in a last paper (III or IV) we shall test the
theory on simulated crystal structures.

We shall also discuss which strategy to use in case of available
space group information. Qur paper treated only the space P1
(satisfying Friedel’s law). Our use of functional integration and
calculus is much more powerful than the other methods of phase
determination, be it probabilistic or direct space methods and
is valid for any number N of atoms. We shall also try to discuss
models for which the formulas will depend N.
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